We give a degree 8 separable extension having two non-isomorphic Hopf-Galois structures with isomorphic underlying Hopf algebras.
Introduction
A finite extension of fields K/k is a Hopf Galois extension if there exist a finite cocommutative k-Hopf algebra H and a Hopf action of H on K, i.e a k-linear map µ : H → End k (K) inducing a bijection K ⊗ k H → End k (K). We shall call such a pair (H, µ) a Hopf Galois structure on K/k. Two Hopf Galois structures (H 1 , µ 1 ) and (H 2 , µ 2 ) on K/k are isomorphic if there exists a Hopf algebra isomorphism f :
For a Hopf Galois extension we have the following Galois correspondence theorem:
, Theorem 7.6). Let K/k be a finite field extension and let (H, µ) be a Hopf Galois structure on K/k. For a k-sub-Hopf algebra H ′ of H we define where ε is the counit of H. Then, K H ′ is a subfield of K, containing k, and
is injective and inclusion reversing.
Separable Hopf Galois extensions have been characterized by Greither and Pareigis. Let K/k be a separable extension of degree n and let K/k be its Galois closure, G = Gal( K/k) and G ′ = Gal( K/K). The action of G on the set G/G ′ of left cosets induces a group morphism
With the above notations, a finite separable field extension K/k is a Hopf Galois extension if and only if there exists a regular subgroup N of S n normalized by λ(G). Moreover, there is a one-to-one correspondence between the set of isomorphism classes of Hopf Galois structures on K/k and the set of regular subgroups N of S n normalized by λ(G).
The underlying Hopf algebra of the Hopf Galois structure corresponding to a subgroup N is the sub-Hopf algebra
G of G-fixed points in the group algebra K[N], where G acts on K by field automorphisms and on N by conjugation inside S n via λ.
We shall use the following equivalent condition in our study of Hopf Galois structures. Within the class HG of separable Hopf Galois extensions, Greither and Pareigis defined the subclass AC of almost classically Galois extensions and proved that AC is included in the class B of separable Hopf Galois extensions which may be endowed with a Hopf Galois structure such that the Galois correspondence is bijective ([5] §4). In [3] , we proved that the two inclusions AC ⊂ B and B ⊂ HG are strict.
In [4] , Example 2.1, we exhibited a degree 8 Hopf Galois extension of the field Q of rational numbers which is not almost classically Galois. In this paper, we study the Hopf Galois structures of this extension and prove that there are two non-isomorphic Hopf Galois structures with isomorphic underlying Hopf algebras. In the last section, we observe that the image of the Galois correspondence of a Hopf Galois structure does not determine the isomorphism class of the underlying Hopf algebra.
A Hopf Galois degree 8 extension
Let us consider a Galois extension K/k with Galois group G isomorphic to the symmetric group S 4 and let G ′ be an order 3 subgroup of G. Let K be the subfield of K fixed under the action of G ′ . If S 4 is realized over k as the splitting field of a degree four polynomial
, where α is a root of P (X) and δ its discriminant. We showed in [4] Proposition 2.1 that such an extension K/k is Hopf Galois but not almost classically Galois.
Hopf Galois structures
According to theorem 1.2, in order to determine the Hopf Galois structures of K/k, we look at regular subgroups N of S 8 . Since the set of isomorphism classes of regular subgroups of S 8 is in one-to-one correspondence with the set of isomorphism classes of groups of order 8, we have five possible groups N, up to isomorphism, namely the abelian groups C 8 , C 2 × C 4 and C 2 × C 2 × C 2 , the dihedral group D 8 and the quaternion group H 8 . If we look for holomorphs having order divisible by 24, we are left with C 2 × C 2 × C 2 and H 8 . But the holomorf of H 8 has no transitive subgroups isomorphic to S 4 . So the only possible N's are isomorphic to C 2 × C 2 × C 2 .
Let us now determine explicitly the immersion λ of G into P erm(G/G ′ ). Taking G = τ := (1, 2, 3, 4), σ := (1, 2) and We have then four Hopf Galois structures on K/k, up to isomorphism.
Galois correspondence
By classical Galois theory, the extension K/k has two strictly intermediate fields, k( √ δ) and k(α). We shall now determine the image of the Galois correspondence for each of the Hopf Galois structures. To this end, we compute the subgroups of each of the corresponding N's which are stable under conjugation by λ(G) (see the reformulation of the Galois correspondence theorem in terms of groups in [3] 
A Hopf algebra with two different Hopf Galois structures
We shall analize now if two of the underlying Hopf algebras of the four Hopf Galois structures on K/k may be isomorphic. Two Hopf algebras
are isomorphic if and only if the groups N i and N j are G-isomorphic. By looking at the stable subgroups of each of the groups N, we see that the only possible Gisomorphism is between N 3 and N 4 . Now the isomorphism Φ : N 3 → N 4 defined by Φ(r 3 ) = r 4 , Φ(s 3 ) = s 4 , Φ(t 3 ) = t 4 is clearly a G-isomorphism. It may also be seen as induced by conjugation by s = (1, 7)(2, 8)(3, 5)(4, 6) and s satisfies sg −1 sg ∈ Cent S 8 (N 3 ) since sτ −1 sτ = sσ −1 sσ = Id. One may check that N 3 has no nontrivial G-automorphisms, hence Φ is the unique G-isomorphism from N 3 onto N 4 .
The isomorphism Φ induces a Hopf algebra isomorphism between H
G and
G but Theorem 1.2 implies that the corresponding Hopf Galois structures are not isomorphic. We do now a direct check of this fact. We determine first the Hopf algebra
From the action of G on N 3 determined above we obtain that an element h = n∈N 3 a n n = a 0 Id + a 1 r 3 + a 2 s 3 + a 3 t 3 + a 4 r 3 s 3 + a 5 r 3 t 3 + a 6 s 3 t 3 + a 7 r 3 s 3 t 3 ∈ K[N 3 ] belongs to H 3 if and only if
If N is a regular subgroup of P erm(G/G ′ ) normalized by G and
G is the corresponding Hopf algebra, the Hopf action µ :
To make the Hopf actions µ 3 and µ 4 of H 3 and H 4 explicit, we first compute the preimage of 1 G under the elements of N 3 and N 4 . Let α 1 = α, α 2 , α 3 , α 4 be the four roots of the polynomial P (X) in K. We consider the element h = α 
Final remarks
Let K/k be a separable extension of degree n and let G be the Galois group of the Galois closure of K/k. Clearly, the fact that two regular subgroups of S n are G-isomorphic implies that the corresponding Hopf Galois structures have the same Galois correspondence image. The converse is not true. In [3] Theorem 3.4, we give a family of Hopf Galois extensions having two Hopf Galois structures of cyclic and Frobenius type, respectively, with the same Galois correspondence image.
